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ABSTRACT 

The shape  of  a luna r  r ay  i s  i n f l u e n c e d  by conser -  

v a t i o n  of momentum, a c t i o n  of any expanding gas c loud ,  and 

t r a j e c t o r y  e f f e c t s .  An a n a l y s i s  i s  made of t h e  t r a j e c t o r y  

of a clump of mater ia l  t h a t  sp reads  o u t  un i formly ,  and it is  

shown t h a t  t h e  r e s u l t a n t  p a t t e r n  i s  e longa ted  i n  t h e  r a d i a l  

d i r e c t i o n .  For  ve ry  l o w  t r a j e c t o r i e s  t h e  p a t t e r n  becomes 

n e a r l y  a s t r a i g h t  l i n e  as i s  observed on t h e  moon. 

of e l o n g a t i o n  of t h e  ray  a l s o  p e r m i t s  one t o  draw i n f e r e n c e s  

a b o u t  t h e  p o s i t i o n  i n  t h e  c r a t e r  from which t h e  r ay  m a t e r i a l  

o r i g i n a t e d .  

The degree  



B E L L C O M M ,  I N C .  
B70 0 6 0 8 5  955 L'ENFANT PLAZA NORTH, S.W. WASHINGTON, D.C. 20024 

SUBJECT: The Shape of a Lunar Crater  Ray DATE: J u n e  3 0 ,  1 9 7 0  
Case 340 

FROM: P.  Gunther 
D. B. James 

MEMORANDUM FOR FILE 

INTRODUCTION 

During t h e  l a s t  Science and Technology Advisory 
Committee Meeting a t  A m e s  Research Cen te r ,  D r .  Luis  Alvarez  
asked why l u n a r  crater  r a y  p a t t e r n s  are e l o n g a t e d  i n  t h e  
r a d i a l  d i r e c t i o n .  Three reasons  c o m e  t o  mind. 

1. Primary e j e c t e d  m a t e r i a l  w i l l  have c o n s i d e r a b l e  
momentum i n  t h e  r a d i a l  d i r e c t i o n  which t end  t o  cause  
secondary e j e c t a  t o  impact  i n  t h e  d i r e c t i o n  of t h e  i n i t i a l  
momentum and which i n  t u r n  tend t o  form r a d i a l  crater c h a i n s .  

2.  I f  t h e  i n i t i a l  c r a t e r i n g  e v e n t  i s  accompanied by an 
expanding gas c loud ,  d u s t  e j e c t e d  around a secondary crater  
formed by a p r o j e c t i l e  w i l l  be  blown away from t h e  pr imary 
crater  l e a v i n g  an e l o n g a t e d  ray  p a t t e r n  i n  t h e  r a d i a l  d i r e c -  
t i o n .  

3 .  I f  t h e  i n i t i a l  impact e jects  clumps of ma te r i a l  ( F i g u r e  1) 
which t h e n  sp read  o u t  uniformly 
t i o n  of t h e  f a s t e s t  p a r t i c l e s  r e l a t i v e  t o  t h e  c e n t e r  of m a s s ) ,  
t h e n ,  as shown below, t h e  r a t i o  of  t h e  r a d i a l  a x i s  of t h e  
ejecta p a t t e r n  t o  t h e  t r a n s v e r s e  a x i s  i s  - % l / s i n  0 ,  where 8 i s  
t h e  e j e c t i o n  a n g l e  of t h e  c e n t e r  of  m a s s .  S i n c e  l / s i n  8 >1, 
t h e  mater ia l  w i l l  f a l l  i n  a p a t t e r n  which i s  always e longa ted  
i n  t h e  r a d i a l  d i r e c t i o n .  

( i s o t r o p i c  v e l o c i t y  d i s t r i b u -  

Th i s  memorandum examines t h i s  t h i r d  case and d e r i v e s  
t h e  r a t i o  of t h e  r a d i a l  t o  t r a n s v e r s e  axes  of t h e  e j e c t e d  
p a t t e r n .  

DERIVATION 

The a n a l y s i s  below assumes a f l a t  moon. Th i s  would 
apply  t o  r a y  F a t t e r n s  which a r e  w i t h i n  t h e  v i c i n i t y  of t h e  
p a r e n t  crater .  Global  p a t t e r n s  l i k e  t h o s e  from Tycho and 
Copernicus r e q u i r e  t h e  curved moon a n a l y s i s  g i v e n  i n  t h e  Appendix. 

L e t  t h e  v e l o c i t y  r e l a t i v e  t o  t h e  c e n t e r  of  m a s s  o f  t h e  
f a s t e s t  p a r t i c l e s  he AV and for t h o s e  i n  t h e  p l a n e  of t h e  c e n t e r  
of m a s s  t r a j e c t o r y ,  l e t  t h e i r  e j e c t i o n  a n g l e  r e l a t i v e  t o  t h e  
c e n t e r  of m a s s  be $. 
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I t  i s  easy t o  show1 t h a t  t h e  t i m e  of f l i g h t  of 
t h e  c e n t e r  of m a s s  i s  

2 tcm = - V s i n  0 
9 

and t h e  impact p o i n t  of t h e  c e n t e r  of m a s s  i s  a t  a d i s t a n c e  
X where 

2 2 V s i n  28  
g 9 

X = - Vsin 0 V c o s  0 = 

I n  t h e  c a s e  of a s m a l l  p a r t i c l e  w i th  an i n p l a n e  v e l o c i t y  AV, 
and ang le  $ r e l a t i v e  t o  t h e  c e n t e r  of mass, t h e  above equa- 
t i o n s  become 

2 t = - (Vsir. 8 + AVsin $ )  
i 9  

- ( V s i n  0 + AVsin $ )  (Vcos 0 + AVcos $ 1  
-i 

xi - 4 

Neglec t ing  second o rde r  t e r m s  i n  AV2, w e  f i n d  t h a t  t h e  elonga- 
t i o n  AX i n  t h e  r a d i a l  d i r e c t i o n  i s  

Th i s  i s  a maximum when s i n  ( 0  + $ 1  = I, o r  0 + 4 = ~ / 2 ,  

and 

of t he  e j e c t a  

p a t t e r n  i n  t h e  t r a n s v e r s e  d i r e c t i o n .  
h o r i z o n t a l  motion of p a r t i c l e s  pe rpend icu la r  t o  t h e  p l ane  of 
t h e  t r a j e c t o r y  of t h e  c e n t e r  of m a s s .  
impact  at- a d i s t a c e  AY ir, t h e  t r a i i sve r se  d i r e c t i o n  g iven  by 

max Now cons ide r  t h e  maximum width AY 

This  i s  g iven  by t h e  

Such a p a r t i c l e  w i l l  

"max = t iAV 

Neg lec t ing  t e r m s  of order ( A V ) 2 ,  w e  can r e p l a c e  t h e  p a r t i c l e  
impact  t i m e  ti by t h e  t i m e  of impact of t h e  c e n t e r  of mass tcm 
so  t h a t  

2 = - Vsin 0 AI? "max g 
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Hence, t h e  r a t i o  of r a d i a l  t o  t r a n s v e r s e  elonga- 
t i o n  i s  

"max - - 1 
s i n  e "max 

I t  should  b e  noted t h a t  - +. m as e -f 0 ,  i . e . ,  t h e  ejecta 

p a t t e r n  approaches a s t r a i g h t  l i n e  as t h e  m a t e r i a l  is  e j e c t e d  
i n  a more n e a r l y  h o r i z o n t a l  t r a j e c t o r y .  M a t e r i a l  ejected 
v e r t i c a l l y  w i l l  form a c i r c u l a r  p a t t e r n  s i n c e  t h e  motion rela- 
t i v e  t o  t h e  c e n t e r  of mass a c t s  e q u a l l y  i n  a l l  d i r e c t i o n s .  

"max 

I n  t h e  case of a curved moon (see Appendix) , f o r  

(AX)max v a r i e s  a s  c o t  8 wh i l e  
sma l l  V,  

c r e a s e s  t o  o r b i t a l  v e l o c i t y ,  
(AXImax  f a l l s  off  s l i g h t l y  a s  8 -+ 0 .  B u t  as V i n -  

becomes c o n s t a n t ,  aga in  r e s u l t i n g  i n  an  extremely max 
e longa ted  r ay  p a t t e r n .  

e j e c t i o n  ang le  of t h e  c e n t e r  of mass of t h a t  p a r t i c u l a r  clump 
Given an  a c t u a l  r a y  p a t t e r n  i n  a l u n a r  photograph,  t h e  

~ 

8 can t h e n  be s u b s t i t u t e d  "max - - 1 
s i n  e '  can be c a l c u l a t e d  from 

AYRlaX 
i n t o  t h e  d i s t a n c e  equa t ion  

2 V s i n  2 8  
g 

x =  

and t h e  v e l o c i t y  of t h e  c e n t e r  of mass can be found. I f  one 
can now f i n d  a way t o  r e l a t e  t h e  e j e c t i o n  ang le  and v e l o c i t y  
t o  t h e  sou rce  of t h e  m a t e r i a l ,  one may be able t o  s ta te  from 
what depth  t h e  m a t e r i a l  came. Th i s  i s  d i scussed  below. 

D I S C U S S I O N  

I f  one assumes a d e f i n i t e  r e l a t i o n s h i p  between t h e  
e j e c t i o n  v e l o c i t y  and t h e  d i s t a n c e  t h a t  a p a r t i c u l a r  chunk w a s  
d i s p l a c e d  from t h e  center of t h e  c r a t e r i n g  e v e n t ,  o r  even on ly  

t h e  cen ter  of p r e s s u r e ,  then  one can draw cer ta in  conc lus ions  
about  t h e  o r i g i n  of t h e  m a t e r i a l  i n  t h e  r ay  pa t t e rn .*  (See 
F i g u r e  1.) 

t p - c  I- I ~ L  t h e  --- velocity monotonically dec reases  wi th  d i s t a n c e  f r o m  

AX Case 1. E = 42 

*The t r a j e c t o r y  c o n s i d e r a t i o n s  under ly ing  t h e  conc lus ions  
are d i s c u s s e d  i n  Reference 1. 
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Here 8 = 45' which cor responds  t o  a minimum energy 
t r a j e c t o r y  f o r  a g i v e n  r a d i a l  d i s t a n c e  X.  The mater ia l  h a s  
t h e  lowes t  v e l o c i t y  and probably came from t h e  s u r f a c e  of t h e  
o r i g i n a l l y  impacted r eg ion .  

Case 2. - Ax > >  1 
AY 

Here 6 -+ 0 and t h e  v e l o c i t y  r e a c h e s  i t s  maximum 
v a l u e  f o r  low a n g l e  t ra jector ies  i n t e r s e c t i n g  t h e  moon. The 
mater ia l  probably  came from c l o s e  t o  t h e  c e n t e r  of  p r e s s u r e .  

AX 
AY Case 3 .  - = 1 

Here 8 -+ 90' and t h e  v e l o c i t y  a g a i n  r eaches  h igh  
v a l u e s  (close t o  b u t  less than  escape  v e l o c i t y )  w i t h  t h e  
mater ia l  coming from c l o s e  t o  t h e  c e n t e r  of pressure--probably 
deepe r  than  C a s e  2 s i n c e  t h e  crater  w a l l s  would n o t  i n t e r f e r e  
w i t h  b a l l i s t i c  t r a j e c t o r i e s .  

o t h e r  e f f e c t s  mentioned i n  t h e  i n t r o d u c t i o n .  I f  t h e  e jecta  
p a t t e r n  i s  caused by low angle  impacts  w i t h  t e r t i a r y  e jecta  
b e i n g  e j e c t e d  forward t o  form a c h a i n  of  r a d i a l  craters,  one 

AX cou ld  come up w i t h  a pseudo - > >  1. But i n  t h i s  case 8 -+ 0 AY 
and V i s  a l s o  h i g h  so  t h a t  t h e  confus ion  of causes  does n o t  
i n v a l i d a t e  t h e  hypotheses  of t h e  dep th  of  o r i g i n  of t h e  
mater ia l .  

Any a n a l y s i s  of t h i s  t y p e  shou ld  b e  wary of t h e  

On t h e  o t h e r  hand, if t h e  e jecta  p a t t e r n  i s  caused 
by a s t e e p  and hence h igh  v e l o c i t y  impact  a t  d i s t a n c e  X w i t h  
t h e  subsequent  blowing of any secondary d e b r i s  o u t  i n  a r a d i a l  
d i r e c t i o n  by any gas expanding from t h e  pr imary impact ,  t h e n  a 

Ax - p a t t e r n  approaching - - fi could be  formed. 
AY 

confus ion  between h igh  v e l o c i t y  and l o w  v e l o c i t y  e jecta .  T o  
a v o i d  t h i s  ambigui ty  one should c a r e f u l l y  look f o r  a head 
crater  a t  t h e  pr imary crater  end o f  t h e  e jec ta  p a t t e r n .  These 
t y p i c a l l y  have V-shaped dune p a t t e r n s  and can  probably be 
e l i m i n a t e d .  * 

This  would lead t o  

P. Gunther 

1033- PG-gmr 
2015-DBJ 

Attachments 
Reference  
F i g u r e  1 
Appendix 

m+ D. B. ames 

*F. El-Baz, p r i v a t e  communication. 
~ 
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APPENDIX 

CURVED MOON ANALYSIS 

Consider  an i n d i v i d u a l  p a r t i c l e  whose v e l o c i t y  
v e c t o r  AV, r e l a t i v e  t o  t h e  c e n t e r  of m a s s ,  has  d i r e c t i o n  

p e r t u r b a t i o n  i n  t h e  impact p o i n t  of t h e  p a r t i c l e  from t h e  
center  of mass impact.  

4 

i n  azimuth and 4 i n  e l e v a t i o n .  W e  wish t o  determine t h e  

L e t  6v and 6 8  r e p r e s e n t  t h e  p e r t u r b a t i o n s  i n  V 
2 and 8 due t o  s. To o rde r  (AV) , 6V i s  g iven  by t h e  p ro jec -  

t i o n  of 8 o n t o  +, namely 

6V = AV (cos e cos 4 cos $ + s i n  8 s i n  $ )  (1) 

w h i l e  6 8  i s  d e r i v e d  from t h e  p r o j e c t i o n  of 8 onto  t h e  

( o r b i t a l )  p l ane  con ta in ing  3 which l e a d s  t o  

6 e  = - (cos  e s i n  ~p - s i n  e cos 4 cos $1 ( 2 )  V 

Now t h e  cen t ra l  angle  F t r a v e r s e d  by t h e  c e n t e r  of 
-I 

mass i s  g iven  byL 
t a n  8 ( 3 )  

w h e r e  Vo i s  t h e  c i r c u l a r  o r b i t  v e l o c i t y  a t  t h e  s u r f a c e  of t h e  
moon. The d i f f e r e n t i a l  of ( 3 )  g i v e s  t h e  down-range pe r tu rba -  
ti on 

2 2V t a n  e 6v + 

AF = [(l-v 2 /vo 2 ) 2 + tan’+ [ vo2 

S u b s t i t u t i n g  (1) and ( 2 )  i n t o  ( 4 )  y i e l d s  

(2 t a n  e (cos  e c 2V 9 AV AF = 
v0 ((1-v2/vo2)2 + t a n 2  e )  

# m \ 

s $ co 

(cos  e s i n  4 - s i n  e cos 4 cos $1) tan2eJ ( 5 )  

s i n  e s i n  4 )  + 
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Consider now t h e  maximum of (5 )  w i th  r e s p e c t  t o  
I$ and $. For f i x e d  I$, ( 5 )  i s  a maximum when $ = 0 ,  s i n c e  

t h e  c o e f f i c i e n t  of cos + i s  p r o p o r t i o n a l  t o  2- [ 1- t an  8 - V /Vo2 1 = 

sec e + V /Vo2 > 0. 

2 2 

2 2 If w e  d e f i n e  t h e  angle  a by 

-1 ( 1 - t a n  2 e - v 2 /v0 
2 t an  8 a = t a n  

t h e n  f o r  $ = 0 t h e  expres s ion  i n  b races  i n  (5)  i s  p r o p o r t i o n a l  
t o  cos  (I$ - e - a). Hence when I$ = 8 + a one g e t s  t h e  maximum 

2 2 v a l u e  
2V AV 

(AF)max 2 1 - v /vo + t a n  e vO 

tan28 + [l-tan'e - v2/vo 1 3 
- - 

2 

cos4e]  2 4 4  
- - 2V AV . 

vO 

- 2(v2/vO2) cos e cos  2e + v /v 0 
2 (v4/vo41 cos e 1 - 2 (v2/vo2) cos e + 2 2 

When V<<Vo, t h e  r ight-hand f a c t o r  i s  approximately 
u n i t y .  S ince  (AX)max - n, (AFlmax Ro, where Ro i s  t h e  r a d i u s  of 

/Ro, one g e t s  t h e  f l a t  moon s o l u t i o n .  More 2 t h e  moon, and g = V 
0 

p r e c i s e l y ,  f o r  V/Vo s m a l l ,  a Maclaurin expansion l e a d s  t o  

When V = Vo, (7) becomes 

Vo incrementa5 by k'or 8 = 0, (iOj becomes i n f i n i t e - a c t u a l l y ,  
A V  l e ads  t o  a non- in t e r sec t inq  e l l i p t i c  o r b i t  which p e r i o d i c a l l y  

- 

r e t u r n s  t o  t h e  o r i g i n a l  p o i n t - o f  e j e c t i o n .  For s m a l l  8, (AFlmax 
i s  p r o p o r t i o n a l  t o  cot e. 

h 

More g e n e r a l l y ,  f o r  g iven  V t h e  e j e c t i o n  ang le ,  say 8, 
f o r  which ( 7 )  i s  a maximum i s  
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2 2  
h l-v /vo 

t a n  8 = 

and t h e  corresponding (AF)max i s  

( 1 2 )  
- 4V AV 1 - 

2 [ 1 - v 2 , v o 2 ) q .  
( A i )  max 

vO 

h 

Note t h a t  e dec reases  from 30° when V = 0 (compare a l s o  ( 9 ) )  
t o  0' when V = 

vO 

The t r a n s v e r s e  p e r t u r b a t i o n  AY of t h e  p a r t i c l e  i s ,  
t o  o r d e r  (AV) 2 ,  s imply t h e  t r a n s v e r s e  component of 3 m u l t i p l i e d  
by t i m e  of f l i g h t ,  i . e . ,  

AY = AV cos 4 s i n  J, t c m  (13)  

T h i s  i s  a maximum when $ = 90' and 4 = 0 ,  so t h a t  

(*')max = AV tcm 
1 ob ta ined  from K e p l e r ' s  equat ion ,  can be  w r i t t e n  

When v = Vo, (15) reduces t o  

- 2v0 
t c m  9 

- - (% + s i n  e )  (16) 

excep t  possibly wher, 8 = 0. \!hen V < < V  (15) approaches t h e  

f l a t  moon s o l u t i o n .  More p r e c i s e l y ,  f o r  V/V sma l l  a Maclaurin 
expansion l e a d s  t o  t h e  approximation 

0' 

0 

2V s i n  8 ( 1 t -  3V:) 

4v0 
2 g 

Combining ( 9 1 ,  ( 1 4 )  and ( 1 7 )  g i v e s  t h e  fo l lowing  ap- 
proximation when V<<Vo 
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( "1 max 
(Ay)max 

S i m i l a r l y ,  when V 

1 
% - s i n  e 

- Q 1  
s i n  e 

A- 4 

1 +  
L 

vn 

+ 2 s i n  e 

V L  '. 3 1 + - . -  4 

v2 2 4  ( A +  
vO 

L 
vO 

2 s i n  e 

= Vo, e q u a t i o n s  (lo), ( 1 6 )  and (14) y i e l d  

2 

- + s i n  e 2 

Ro(AF)max - - V 1 + 4 c o t  e 
IT 

( max 
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